Abstract. We define the Teichmüller pseudodistance on spaces of flat conformal structures by the same manner as classical Teichmüller distance on the Teichmüller space of Riemann surfaces. We will prove that for compact manifolds this pseudodistance becomes a complete distance. We will also prove similar results for noncompact manifolds under certain assumptions.
Introduction
The aim of this paper is to show that, on the space of flat conformal structures on a compact manifold M , there is a complete distance defined by means of quasiconformal mappings. The distance is the same as the Teichmüller distance on the Teichmüller space when M is an oriented surface. First, we recall some definitions.
Let M be a smooth n-manifold and C a conformal class on M . If, for any point p of M , there exists a metric g in C such that g is flat on some neighborhood of p, then (M, C) is called conformally flat. A conformal class on M is called a flat conformal structure if (M, C) is conformally flat. A Riemannian manifold (M, g) is conformally flat if the conformal class containing g is a flat conformal structure; M is said to be conformally flat if M admits a flat conformal structure. A flat conformal structure on an oriented surface S is nothing but a conformal structure of a Riemann surface. A flat conformal structure on a conformally flat manifold can be considered as a natural generalization of a conformal structure on a surface to higher dimensional manifolds. The space of conformal structures on an oriented surface is understood as, for instance, the Teichmüller space of Riemann surfaces. In this paper, we are interested in the space of flat conformal structures on a manifold with n ≥ 3.
Let Diff H (M ) be a group consisting of the diffeomorphisms of M homotopic to the identity. We consider the space of flat conformal structures defined as follows: where the infimum is taken over all quasiconformal mappings between (M, C 1 ) and (M, C 2 ) that are homotopic to the identity, and K(ϕ; (M, C 1 ), (M, C 2 )) denotes the maximal dilatation of ϕ. This definition of the Teichmüller distance still makes sense for higher dimensional manifolds, and it is easy to see that this gives a pseudodistance on T (M ) (see section 3). We call this pseudodistance the Teichmüller pseudodistance in this paper. If this pseudodistance turns out to be a complete distance, it will be a useful tool for the investigation of the space T (M ). The main result of this paper is the following:
Main Theorem. If M is compact, then the Teichmüller pseudodistance d on T (M ) is a complete distance. Moreover, the topology given by d agrees with the original topology of T (M ).
We call the distance d given by this theorem the Teichmüller distance on T (M ). For a noncompact manifold M , we can prove that d becomes a distance on a subset of T (M ) if M satisfies a certain condition (see section 6). We cannot say, however, that d is a distance in general. It should be mentioned that we can prove for compact manifolds that d becomes a distance by using works of Lelong-Ferrand ( [9] , [10] ). However, we need another step to prove the completeness and also to prove it for noncompact manifolds.
The proof roughly goes as follows. In order to prove the main theorem, it is essential to show the compactness of bounded sequences with respect to d. To do this, we have to consider the compactness in a wider space endowed with a weaker topology, denoted by T 0 (M ), consisting of flat conformal structures with low regularity; the compactness in this space gives us a candidate for the limit of a subsequence of the given bounded sequence. For this purpose, in section 2, we introduce the notion of C r Möbius structures following [2] ; the space T 0 (M ) is defined to be the Teichmüller space of C 0 Möbius structures (see Definition 2.2) and T (M ) can be viewed as a subset of T 0 (M ). By using some basic theorems on quasiconformal mappings listed in section 3, we can prove that the bounded sequences with respect to d are sequentially compact in T 0 (M ) with its natural topology (Lemma 4.1). Then, in section 5, we can prove that d is a complete distance on T 0 (M ) if the topology of T 0 (M ) is not so pathological (Theorem 5.6). If M is compact, then T 0 (M ) is sufficiently nice for our purpose, and we conclude that d extended to T 0 (M ) is a complete distance. Together with a regularity lemma (Lemma 2.4) which is an easy consequence of the holonomy theorem (Theorem 2.3), we see that d is actually a complete distance on T (M ). For the case that M is noncompact, we can prove, under some assumptions, that d is a complete distance on a subset of T 0 (M ). This will be shown in section 6. It should be mentioned that our proof does not work for the case n = 2. In spite of this fact, in a sense, our proof given in this paper can still be considered as a sort of extension of the proof for the case of Riemann surfaces. We will explain this in section 5. The difference between the case of Riemann surfaces and the higher dimensional case comes from that between the Riemann mapping theorem and Liouville's theorem for conformal mappings. This brings us the lack of nice uniformization of flat conformal structures on higher dimensional manifolds. Of course, the developing map associated to a flat conformal structure, equivalently a Möbius structure when n ≥ 3, can be viewed as a kind of uniformization of a flat conformal structure. However, since developing maps may be very wild in general, our situation is more complicated than the case of Riemann surfaces.
In section 7, we consider the existence of extremal mappings. It was an important problem in the classical theory of the Teichmüller space, and it is interesting also in our situation. We will give a comment on this in Remark 2 at the end of section 7.
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The space of flat conformal structures
Let M be a paracompact C r manifold, r ≥ 0. In this section, we assume that dim M = n ≥ 3. We define the space of flat conformal structures by means of developing maps associated to C r Möbius structures (r ≥ 0). The most important result in this section is a regularity lemma (Lemma 2.4), which is a corollary to the holonomy theorem (Theorem 2.3). Some other useful observations are given in the remarks following Definitions 2.1 and 2.2. For expositions on the subject treated in this section, we refer the reader to [2] , [6] and their references.
is the restriction of ψ. A maximal Möbius atlas is called a Möbius structure on M . Remark 1. Under our assumption n ≥ 3, a flat conformal structure on M is nothing but a C ∞ Möbius structure on M by Liouville's theorem. On the other hand, given a C ∞ Möbius atlas, we can construct a C ∞ conformally flat metric by piecing together {ϕ * λ g 0 } λ∈Λ by a partition of unity subordinate to {U λ } λ∈Λ , where ϕ * λ g 0 is the pull-back of the standard metric g 0 on S n by ϕ λ .
Remark 2. If M is simply connected, we can construct a C r immersion from M into S n from a given C r Möbius atlas. This follows from a standard monodromy argument. This immersion is called a developing map and it is unique up to composition with a conformal transformation of S n . Therefore, if there is a C r Möbius atlas on a manifold M , by lifting the Möbius atlas to the universal covering spacẽ M of M , we can construct a developing map Ψ defined onM . We call Ψ also a developing map of M . In this case, the fundamental group π 1 (M ) of M acts onM as the deck transformation group, and this action preserves the C r Möbius structure onM . By the uniqueness of the developing map, Ψ • γ = ξ • Ψ holds for some conformal transformation ξ, where γ ∈ π 1 (M). It is easy to see that this gives rise to a representation ρ : π 1 (M ) −→ Conf(S n ). This representation is called the holonomy representation of Ψ.
Remark 3. Let M be a C ∞ manifold with a C 0 Möbius atlas {(U λ , ϕ λ )} λ∈Λ . Then, since conformal transformations of S n are smooth, {(U λ , ϕ λ )} λ∈Λ defines a C ∞ coordinate system on M . However, it is not equivalent to the original C ∞ coordinate system on M in general. It is not clear whether these two coordinate systems define the same differentiable structure on M .
Definition 2.2. Denote by Diff
r H (M ) the group consisting of C r diffeomorphisms of M homotopic to the identity. We topologize Diff r H (M ) by the compact-C r topology. We define spaces of flat conformal structures as follows:
where the action of Conf(S n ) on FC r (M ) is defined by composition on the left. Then , Conf(S n )), and this map hol is clearly continuous. We also note here that T r (M ) is obtained as The following theorem, due to Lok, is called the holonomy theorem in the literature and gives us information on the local structure of FC r (M ) of a compact manifold M . Theorem 2.3 (see [2] and [6] ). Let Ψ be a C r developing map of a compact mani- Proof. Except for the closedness of ι(T r (M )), the assertions in the lemma are straightforward consequences of Theorem 2.3. Therefore we only show the closedness. Take an element p 1 (Ψ) in the closure of ι(T r (M )). As we have mentioned in Remark 3 following Definition 2.1, Ψ gives a C ∞ coordinate system on the underlying topological manifold N of M . Denote by M the C ∞ manifold homeomorphic to N whose C ∞ coordinate system is given by Ψ. Since the image ofT
Therefore, there are Ψ 0 ∈ FC r (M ) and
In other words, there is a homeomorphism η of N , which is homotopic to the identity, satisfying Ψ 0 = Ψ 0 •η for some liftη of η.
M . This means Ψ •η ∈ FC r (M ), and hence
We will use the closedness part of this lemma in the proof of the main theorem to obtain the regularity of the limit of a certain convergent sequence in FC ∞ (M ).
In the rest of this section, we study the orbits of Conf(S n ), Diff r H (M ) and Diff r H (M ) in the corresponding spaces of flat conformal structures. Lemma 2.5 below is easy to verify by using Liouville's theorem.
The following lemma is a straightforward corollary to Theorem 2.3 for a compact manifold M . However, we will apply it to noncompact manifolds in the case r = 0. So we give a detailed proof here. 
We prove that {φ j } converges toφ ∞ . LetV 1 be a neighborhood of x such that ϕ ∞ (V 1 ) ⊂ U . Sinceφ ∞ ∈ A, such aV 1 exists. It is clear that Ψ ∞ is injective on V 1 . By the definition of the topology of FC r (M ), we may assume Ψ •φ j is also injective onV 1 . Take a neighborhood
, and there is the inverse (Ψ|φ
, and hence on V 2 . Then, as we have seen above, {φ j } converges toφ ∞ on V 2 , and hence on V 1 ∪V 2 . Proceeding this way, we see that {φ j } converges toφ ∞ on any compact set. In other words, {φ j } converges toφ ∞ with respect to the compact-C r topology. Thus the inverse defined on Ψ · A of our map is also continuous.
(2) Suppose that a sequence {Ψ •φ j } j=1,2,... converges to Φ. We show that
The proof is given by a certain modification of that of (1). Let x be a point ofM and U be a precompact neighborhood of x on which Φ is injective. Then, by our definition of the topology of FC r (M ), j ≥ j 1 implies that Ψ•φ j is injective on U for some large number j 1 . We may assume Φ(
∈ U} as in the proof of (1). Then, as we have seen above, the map ϕ → Ψ 1 •φ defined on A is a homeomorphism. It is easy to see that the image of A is exactly the set given by
we may assumeφ j,1 to be an element of A. Then, as in the proof of (1), by our choice ofφ j,1 , (
, it must be equicontinuous and uniformly bounded. Since (
} is also equicontinuous and, clearly, uniformly bounded. By taking a subsequence, if necessary, {φ j,1 } converges uniformly to someφ ∞,1 on V 1 . By the uniqueness of the limit, Φ must coincide with
We note here that {φ j,1 } actually converges
.. be an exhaustion ofM . We can choose W 1 to be V 1 . On W 1 , we already haveφ ∞ =φ j1 •φ ∞,1 and Φ = Ψ •φ ∞ . For every point x ∈ W 2 , there is a neighborhood U x of x on which Φ is injective. Fix x ∈ W 2 . Then, for large j, Ψ•φ j is injective on U x . As above, for some large j x , we may assume
For V 2 , by our construction, there are neighborhoods U 2 andV 2 of V 2 , and there
Repeating this process, we obtainφ ∞ defined on W 2 satisfying Φ = Ψ •φ ∞ . It is clear that this map is a C r diffeomorphism defined on W 2 . In this way, we can extendφ ∞ to a C r diffeomorphism defined on W i . Letting i → ∞, we get a C r diffeomorphismφ ∞ on M . It is clear thatφ j converges toφ ∞ with respect to compact-open topology. Since eachφ j commutes with all deck transformations oñ M , so does the limitφ ∞ . Thusφ ∞ defines a C r diffeomorphism ϕ ∞ on M , and
Observe that the following diagram commutes:
Then, combined with (1), the continuity of the projection Diff 
Quasiconformal mappings and the Teichmüller pseudodistance
In this section, we review some basic facts on quasiconformal mappings and define the Teichmüller pseudodistance. We start with the definition of quasiconformal mappings. For expositions on this subject, we refer the reader to [19] , [20] and [22] .
Definition 3.1. Let ϕ be a map between two oriented Riemannian n-manifolds (M, g) and (N, h). Suppose that ϕ belongs to
then ϕ is called a quasiregular mapping (abbreviated qr mapping), where dϕ p and J ϕ (p) denote the operator norm of the differential map dϕ p : T p M −→ T ϕ(p) N and the Jacobian of ϕ respectively. Here, the differential map dϕ p is a linear map defined by the weak derivatives of ϕ. If a qr mapping ϕ is a homeomorphism, then ϕ is called quasiconformal (abbreviated qc).
A nonconstant qr mapping ϕ is open, discrete, orientation preserving and differentiable almost everywhere ( [17] , see also Chapter VI of [20] ).
a.e. (3.4) holds for some K ≥ 1. The smallest K satisfying (3.4) is called the inner dilatation of ϕ and is denoted by
Let C g and C h be conformal classes containing g and h respectively. Then it is clear that, for a qr mapping ϕ between (M, g) and (N, h), (N, C h ) ) in what follows. For a discrete, open and orientation preserving map ϕ, the quasiregularity of ϕ is characterized by an inequality for the modulus of path families. See, for example, [11] . The following proposition can be proved by using this characterization.
and
Let M be a conformally flat manifold (possibly noncompact). We denote by 
then this makes sense for nonorientable manifolds. We define the Teichmüller pseudodistance for nonorientable manifolds by changing the notion of the quasiregularity in this way. In fact, our proof of the main theorem also works for this case. (For the definition of these groups, see Remark 2 at the end of the preceding section.) Our results on the Teichmüller pseudodistance d in this paper are also true for these pseudodistances. We will mention this precisely at the end of section 6.
Next, we state some results on qr mappings of R n which we will use in the proof of a certain compactness lemma (Lemma 4.1). For a qr mapping ϕ of R n , the dilatations are denoted by K O (ϕ), K I (ϕ) and K(ϕ) for the sake of simplicity. 
, where λ n is a constant depending only on n, and dist R n and diam denote the Euclidean distance between sets and the diameter of a set with respect to the Euclidean distance respectively. Then ϕ satisfies
Theorem 3.9 (see sections 21 and 37 of [21] Remark. There are results for qr mappings corresponding to Theorems 3.9 and 3.10. See [20] , [19] and papers cited there.
A compactness lemma
The purpose of this section is to prove a certain compactness lemma (Lemma 4.1) for the bounded sequences with respect to the Teichmüller pseudodistance. In the rest of this paper, we assume that n ≥ 3.
Suppose that
. . , is a bounded sequence with respect to d. In other words, we have a sequence of representatives {C j } ⊂ FC 0 (M), and there is a sequence of qc mappings {ϕ j }, j = 0, 1, 2, . . . , which satisfies
) and lim j→∞ ε j = 0. Also, we may assume that there is a positive constant K such that K j + ε j ≤ K for any j. The following lemma asserts the sequential compactness of such sequences in T 0 (M ). We note that we do not need to assume M to be compact in the following lemma.
Lemma 4.1. There exist a subsequence
Proof. Since C 0 is a flat conformal structure, for any point x of (M, C 0 ), there is a neighborhood B x of x which is conformal to the unit disk of R n . We denote the subset of B x which is conformal to the open disk with radius r by B x (r). Set R = R(n, K), where R(n, K) is the positive constant in Theorem 3.7 and K is an upper bound of K j +ε j as above. Since M admits a Riemannian metric, by considering an exhaustion of M , we can choose a countable subset {B α (R/3) = B xα (R/3)} α=1,2,... of {B x (R/3)} x∈M so that this subset forms a locally finite covering of M . It is clear that the lift of this open covering to the universal covering (M ,C 0 ) forms a locally finite open covering ofM and that each lift of B α (R/3) is conformally mapped onto a round disk of S n by a developing map of C 0 . Since the intersection of two round disks in S n is connected if it is nonempty, the number of connected components of B α (R/3) ∩ B β (R/3) is finite. Thus, by taking a refinement of this covering, we have a locally finite countable covering {B α } such that B α ∩ B β is connected if it TEICHMÜLLER DISTANCE ON THE SPACE OF FLAT CONFORMAL STRUCTURES 13 is nonempty. Then, clearly, this defines a C ∞ Möbius atlas compatible with C 0 . In what follows, we assume that B α (R/3) ∩ B β (R/3) is either connected or empty for the sake of simplicity.
Let ϕ j (B α (1)) be a lift of ϕ j (B α (1)) to the universal covering spaceM , and let Φ j be a developing map of C j . Denote the map Φ j • (proj|
where proj is the covering projection.
We may regard ψ −1 is defined on U for large i and, again by Theorem 3.8 and Ascoli's theorem, we may assume {(ψ Since each ψ . This, however, does not imply the convergence of the sequence with respect to the topology defined by d. In general, these two topologies may be quite different. Also, we do not know the uniqueness of the limit of convergent sequences in T 0 (M ) at the present stage.
The proof of the main theorem
In order to prove that d is a complete distance, we need to examine topological properties of T 0 (M ). (See Theorem 5.6.) When M is compact, it suffices to prove Corollary 5.3 below, and our aim is nearly achieved by a known result (see Remark following Proposition 5.4). For noncompact manifolds, however, little is known about the topology of T 0 (M ), and we will study it through the holonomy representation in the next section. Therefore, for the sake of consistency, we give a proof of Corollary 5.3 by means of the holonomy theorem.
We start with a quick review of some fundamental facts about the orbit of Conf(S n ) in the space Hom(π 1 (M ), Conf(S n )). We refer the reader to [8] for details on this subject. Let SO(n+1, 1) be a complex algebraic group defined as the identity component of the isometry group of the quadratic form
is identified with the identity component of the set of real points of SO(n+1, 1). For any finitely generated group G, Hom(G, SO(n+1, 1)) has a natural structure of an affine algebraic variety, and SO(n + 1, 1) acts algebraically on Hom(G, SO(n + 1, 1)) by conjugation:
is an open and closed subset of the set of real points of Hom(G, SO(n + 1, 1) ). In what follows, and throughout this paper, we usually consider Hom(G, SO(n + 1, 1)) as a topological space with topology given by the pointwise convergence of maps into a Lie group. When we deal with Zariski topology of these spaces, it will be specified such as Zariski open, Zariski closure and so on. Since the action of SO(n + 1, 1) is algebraic, the orbit SO(n + 1, 1) · ρ of ρ ∈ Hom(G, SO(n + 1, 1)) by this action is open and everywhere dense in its Zariski closure. In particular, its closure coincides with its Zariski closure. The complement of the orbit SO(n + 1, 1) · ρ in its closure is an algebraic subvariety of strictly lower dimension.
From these facts and results in [23] , we easily obtain the following lemma.
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Lemma 5.1. Let G be a finitely generated group.
is a connected component of the set of real points of the SO(n + 1, 1)-orbit of ρ in Hom(G, SO(n + 1, 1)).
(2) Conf 0 (S n ) · ρ is an algebraic partial manifold in the sense of [23] , and homeomorphic to Conf 0 (S n )/S ρ , where S ρ is the stabilizer of ρ. 
In other words, suppose that there is a sequence of qc mappings {ϕ j : (M, C 0 ) −→ (M, C 1 )} j=1,2,... such that lim j→∞ K j = 1, where K j is the maximal dilatation of ϕ j . By setting C j = C 1 in Lemma 4.1, we see that there is a subsequence of {ϕ j }, which we denote by {ϕ i }, and
We also see that the identity map is 1-qc between (M, C 0 ) and (M, C ∞ ) by (4.2) . This shows C 0 = C ∞ , since a 1-qc mapping is a conformal diffeomorphism by Theorem 3.10 (or Theorem 3.11). More precisely speaking, by our proof of Lemma 4.1, there is a convergent sequence {Φ i } ⊂ FC 0 (M ) of developing maps and its limit . This step is a crucial part in proving that d becomes a distance, and, in this paper, we cannot prove Π(Φ i ) = Π(Φ ∞ ) for every manifold. However, by using Lemma 5.1, we can prove the following.
Lemma 5.2. Suppose that the fundamental group π 1 (M ) of M is finitely generated, and that M is orientable. Then hol(Φ
Proof. Note that every holonomy representation associated to developing maps of an orientable manifold has its image in Conf 0 (S n ). Let Φ be a developing map of C 1 . Then, by our construction of Φ i in the proof of Lemma 4.1, Φ i = η i • Φ •φ i for some η i ∈ Conf(S n ), whereφ i is a lift of ϕ i . By taking a subsequence and by replacing Φ and η i with η • Φ and η i • η −1 respectively, where η is an orientation reversing element in Conf(S n ), we may assume the η i 's are in Conf 0 (S n ). Therefore, By Lemma 5.1 (2), we can identify Conf 0 (S n ) · hol(Φ ∞ ) with Conf 0 (S n )/S, where S is the stabilizer of hol(Φ ∞ ) in Conf 0 (S n ). Thus we have a fiber bundle
Proof. We have already seen that this is true for orientable manifolds. Suppose M is nonorientable. Denote its orientable double cover byM . Let Homeo H (M ) be the group consisting of lifts of elements of Homeo H (M ) toM which are homotopic to idM onM . Then this group is closed in Homeo H (M ). Let Φ i and Φ ∞ , which are developing maps of M , be as above. Then they are also developing maps ofM which represent lifts of the C i 's and C ∞ respectively. Clearly, {Φ i } converges to Φ ∞ in FC 0 (M ). Let ξ i be as in the last paragraph of the proof of Lemma 5.2 for large i. Then, since the ξ 
where ι is the map defined in section 2. Since ι is a homeomorphism onto its image and ι(T Since ι : 
In general, we have the following sufficient condition for d to be a distance. Further results will be proved in the next section. 
is not in U. By the discussion in the paragraph following Lemma 5.1, the closure of p
, which is a subset of the complement of U . This is impossible.
Remark. For a compact manifold M , it is easy to verify that T 0 (M ) is Hausdorff from the fact that the moduli space of flat conformal structures on a compact manifold is Hausdorff (see, for example, [7] ). Thus we can prove the main theorem by means of this fact. However, the assertion of Corollary 5.3 is much weaker than the T 0 -property of T 0 (M ), and it is enough for our proof above.
By the following lemma, we see that if T 0 (M ) satisfies the T 0 -property, then d is actually a complete distance on T 0 (M ). We state this as Theorem 5.6 below. Remark 2. We give here a comment on the comparison of our proof and that for the case of Riemann surfaces. First, we give a rough sketch of the proof for the case of Riemann surfaces along the line of our proof. We have considered qc mappings between (M, C 0 ) and (M, C j ) in the preceding section. If M is a compact and oriented surface with genus greater than one, then these qc mappings are lifted to the universal coverings which are conformal to the unit disk B 2 (0, 1) of R 2 for all j. Thus the claim corresponding to Lemma 4.1 is reduced to the problem on the compactness of K-qc mappings on B 2 (0, 1). After suitable normalization of lifts of the qc mappings ϕ j , one sees that the set {φ j } of normalized mappings is precompact with respect to compact-open topology; there is a subsequence of {φ j } and a nonconstant qc mapping ϕ that is the limit of the subsequence. (This follows from, for example, a theorem of Mori [15] .) As a corollary to this, we get the compactness of K-qc mappings between (M, C 0 ) and (M, C 1 ) for fixed C 1 . This implies that the Teichmüller pseudodistance is actually a distance. Since (M, C j ) is conformal to B 2 (0, 1)/φ j Γφ ∞ topology, {[C j ]} actually converges to the limit in T (M ) defined in the introduction. This can be proved, for example, by an argument similar to the proof of the holonomy theorem. As a matter of fact, it is the simplest case that the framework of the holonomy theorem can be applied. See [2] and [6] for the holonomy theorem in the general setting. The completeness of the Teichmüller distance follows easily from the discussion above.
Lemma 5.5. If d is a distance on T 0 (M ), then it is complete. Moreover, the identity map
On the other hand, when n ≥ 3 the universal coverings (M ,C j ) are no longer conformal to each other, and the argument above fails. However, through Liouville's theorem, which holds only for the case n ≥ 3, we can consider the flat conformal structure as the Möbius structure. This allows us, together with Theorem 3.7, to localize the problem as we have done in the preceding section; in order to prove Lemma 4.1, we have had only to find the limit of coordinate functions by virtue of Liouville's theorem and Theorem 3.7. The existence of the limit has been proven by using Theorem 3.8 instead of Mori's theorem in the case of the compactness of qc mappings on B 2 (0, 1) mentioned above. (We note that Theorem 3.7 holds only for the case n ≥ 3.) Unfortunately, this is not sufficient to prove the main theorem. We have needed to examine the topology of T 0 (M ) carefully and prove the regularity of the limit as we have seen, and this has been carried out by means of the holonomy theorem.
Further results for noncompact manifolds
As we have seen, d is a complete distance on T 0 (M ) if T 0 (M) satisfies the T 0 -property. Thus d is a complete distance if T 0 (M ) satisfies the T 1 -property; namely, every point in T 0 (M ) is closed. In this section, since the T 1 -property is rather easier to check in our case, we consider a sufficient condition for a point in T 0 (M ) to be closed. We show that d is a complete distance on a subset of T 0 (M ) for a certain noncompact manifold M . This set is open and closed in T 0 (M ) with respect to the topology defined by d.
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Recall that Conf(S n ) can be identified with the isometry group of the hyperbolic space (B n+1 , Poincaré metric) by extending the action of the isometry to the boundary S n = ∂B n+1 . Through this identification, we can consider the action of subgroups of Conf(S n ) on B n+1 . Let G be a subgroup of Conf(S n ). We do not assume G to be discrete nor finitely generated. The limit set of G, denoted by Λ(G), is the set of accumulation points in S n of the G-orbit of a point x ∈ B n+1 . In the proof of Lemma 6.1 below, we frequently use results stated in [13, §5] .
. If a subsequence of {η j } converges to some η ∞ ∈ Conf(S n ), then the corresponding subsequence of {Φ •φ j } converges to η
follows from Lemma 2.6 (2) . In what follows, we prove the existence of a convergent subsequence of {η j }. To prove this, we first show that, under our assumption, ρ(π 1 (M )) contains a free subgroup of rank two.
Let G = ρ(π 1 (M )). Since G has no common fixed points in S n ∪ B n+1 , Λ(G) consists of more than one point. If Λ(G) consists of exactly two points, there is a subgroup of index two in G which fixes each point of Λ(G). Thus, by our assumption, Λ(G) contains at least three points, and hence Λ(G) is an infinite set. By [13, Proposition 5.11], for any two points x, y ∈ Λ(G), there is a loxodromic element in G whose fixed points are arbitrarily near x, y. Choose four distinct points of Λ(G). Then we can find two loxodromic elements ξ 1 , ξ 2 in G so that they have no common fixed points. The group F generated by ξ k 1 and ξ l 2 for large k, l is easily seen to be a discrete free subgroup of G. (Actually, F is a Schottky group of rank two.) We may assume that F lies in the identity component Conf 0 (S n ) of Conf(S n ) by choosing k and l suitably.
. By the continuity of the map hol, {ρ j } converges to ρ ∞ . By taking a subsequence of {j} and by replacing Φ and η j with η • Φ and
, if necessary, we may assume η j ∈ Conf 0 (S n ) for each j. Then ρ j • ρ −1 | F can be considered as representations of the free group of rank two into Conf 0 (S n ). Note that ρ ∞ • ρ −1 | F also defines a representation. Denote these representations byρ j andρ ∞ respectively. Clearly, {ρ j } converges toρ ∞ . By [14, Corollary 1.2] and [1, Proposition 2.3], the Conf 0 (S n )-orbit ofρ is closed in Hom(F, Conf(S n )). Thusρ ∞ = θ ·ρ for some θ ∈ Conf 0 (S n ). The orbit Conf 0 (S n ) ·ρ is homeomorphic to Conf 0 (S n )/Sρ as we have seen in the preceding section.
Next, we prove the compactness of the stabilizer Sρ. Note that neither F nor any finite index subgroup of F have common fixed points in S n ∪ B n+1 . Suppose that Sρ is noncompact and has common fixed points in S n . Then the number of the fixed points is less than three. Otherwise Sρ must be compact. (Note that Sρ is a closed subgroup of Conf(S n ).) Assume that Sρ fixes exactly one point, say x. Then, for any η ∈ F and g ∈ Sρ, g • η(x) = η • g(x) = η(x), and hence η(x) is a fixed point of g. Thus η(x) = x. Therefore F has a common fixed point x, a contradiction. If Sρ has two fixed points, then a similar argument shows that F itself or some subgroup of F with index two fixes the fixed points of Sρ. On the other hand, since we assume Sρ to be noncompact, Sρ fixes no points in B n+1 .
HIROYASU IZEKI
Thus, if Sρ has no common fixed points in S n , then Sρ fixes no points in S n ∪B n+1 . In this case, Sρ contains a loxodromic element g by [13, Corollary 5.14] . Since every element of F commutes with g, F itself or some subgroup of F with index two fixes the fixed points of g as we have seen above. Therefore Sρ is compact, and hence S ρ , which is a closed subgroup of Sρ, is also compact.
Identifying the Conf 0 (S n )-orbit Conf 0 (S n ) ·ρ ∞ ofρ ∞ with Conf 0 (S n )/Sρ ∞ by the homeomorphism as mentioned above, we get the fiber bundle Conf 0 (S n ) −→ Conf 0 (S n ) ·ρ ∞ whose fiber is Sρ ∞ . Let s be a continuous section defined nearρ
By the compactness of Sρ ∞ , there is a convergent subsequence of {η j } and its limit η ∞ . Since the section s is continuous, this shows that {η j } itself contains a convergent subsequence.
Let QC K H (M, C) be a set of K-qc transformations on (M, C) homotopic to the identity:
Proof. Let {ψ j } be a sequence in QC K H (M, C). Then, by Lemma 4.1, there is a convergent subsequence of {ψ * j C} and its limit
there is a convergent subsequence of {φ j }, which we denote by {φ j } again, and its limit φ ∞ . Therefore, by our choice of ϕ j , the corresponding subsequence {ψ j } converges to ψ ∞ • φ ∞ . Since the limit of a K-qc mapping is also K-qc, we obtain the desired result. 1 , and this is a 1-qc (therefore smooth conformal) mapping between (M, C 1 ) and (M, C 2 ). Thus d is a distance and it is complete by Lemma 5.5.
Theorem 6.3. Suppose that [C] is a closed point of
If we replace C 2 with C 1 and choose ϕ j to be conformal transformations of (M, C 1 ), we obtain the compactness of Conf H (M, C 1 ). . The existence and the uniqueness of the extremal mapping between two conformal structures on a compact surface with genus greater than one plays an important role in the classical Teichmüller theory; it also seems to be an interesting problem in our situation. We will explain this briefly at the end of this section (Remark 2).
In case C 1 = C 2 , this existence problem is viewed as the question that asks whether the Teichmüller pseudodistance is actually a distance. In fact, for some cases where we have been able to prove that d is a distance, we can also prove the existence of extremal mappings between two flat conformal structures. We state them below. Remark. Proposition 7.1 can be viewed as a direct consequence of a result by Lelong-Ferrand ( [9] ). Remark 2. Fix a flat conformal structure C on M . Suppose that, for any flat conformal structure C on M , there is an extremal mapping between (M, C) and (M, C ) and that the extremal mapping is unique. Then, for any C , we can associate the unique extremal mapping. The classical theory of the Teichmüller space says that if M is a compact surface with genus greater than one, in which case extremal mappings are uniquely determined, then this assignment gives rise to a homeomorphism between the Teichmüller space and the "space of extremal mappings". We explain the precise meaning of this as follows. For the extremal mapping between C and a representative C of [C ], we can assign a holomorphic quadratic differential on (M, C), and the differential assigned to the extremal mapping between (M, C) and (M, C ) coincides with that assigned to the extremal mapping between (M, C) and (M, C ). From this fact, we can construct a map from T (M ) into the space Q(M, C) of the holomorphic quadratic differentials. Teichmüller proved that this map is a homeomorphism onto a unit ball of Q(M, C). Through this theorem of Teichmüller, we can identify T (M ) with the unit ball of Q(M, C). Also we can regard the unit ball of Q(M, C) as the "space of extremal mappings". See, for example, [4] for the details.
In general, in contrast to the case of Riemann surfaces with genus greater than one, the uniqueness of the extremal mappings does not hold because there are manifolds admitting flat conformal structures with nontrivial conformal transformation groups. In spite of this fact, the "space of extremal mappings" still seems to be interesting. For example, the existence of nontrivial conformal transformations is closely related to the appearance of singularity in T (M ). In view of this, we might be able to expect that the "space of extremal mappings" turns out to be a kind of resolution of T (M ). At the present stage, however, we do not even know a way to describe the "space of extremal mappings" of higher dimensional manifolds.
